Given a xed volume of material and the elastic properties of that material, the optimal design of the tallest tubular column under self-weight is sought. This problem can be formulated as an extremal eigenvalue problem because the height at which the unloaded tubular column will buckle is related to the rst eigenvalue of a Sturm-Liouville operator. Considering columns of annular cross-section, the spectrum associated with physical designs is characterized. Existence of an optimal design over a particular class of designs is proven through the use of rearrangements. Necessary conditions of optimality o ver that class are also established.
Introduction
A vast number of optimal design problems arise in the study of mechanical systems. An excellent survey of those concerning column buckling is the book by Gajewski and Zyczkowski 7] . Euler was the rst to address such problems when he posed and solved the buckling problem for prismatic columns under self-weight 5], 6]. The case of the tallest solid elastic column of variable cross-section was rst addressed by Keller & Niordson 9] , and later by Cox & McCarthy 3] and by McCarthy 10] . The optimal design of thin-walled column under self-weight and an external load was considered by Huang and Sheu 8] . We consider here a tubular column under self-weight and seek the height a t w h i c h the tubular structure will buckle. That height is proportional to the fourth root of the least eigenvalue of a Sturm-Liouville operator, and so we beginby formulating the extremal eigenvalue problem. In section 2, we characterize the nature of the associated spectrum and present some variational characterizations. We apply rearrangement techniques in section 3 to show that replacement of a particular design by its decreasing arrangement i ncreases the column height associated with that design. Existence of an optimal design is established in section 4. Finally, necessary conditions for optimality are derived in section 5.
Consider an elastic column under self-weight. Let A(z) bethe cross-sectional area and I(z) be its second moment at a height z:If y(z) is the lateral deection, from the vertical, of the cross section at z then the Bernoulli-Euler theory yields the following equilibrium equation E I(z)y 00 (z) = Z H z gA( z) y( z) ; y(z)] dz 0 < z < H (1) where E and are the Young's modulus and density of the material, g is the acceleration due to gravity, and H is the height of the column.
In order to apply such a model to tubular columns, we consider speci cally columns whose cross-sections are annular regions of inner radius R(z) and outer radius R(z) + T :The cross-sectional area at a height z is A(z) = ((R(z)+T ) The column's base is assumed to be clamped, y(0) = y 0 (0) = 0 while its apex is assumed to be free.
The design problem amounts to xing T > 0, the wall thickness, and the volume of material, V , and varying the inner radius of the tube R(z) 0 in order to reach the greatest height.
An interesting consequence of the volume constraint and the nonnegativity of the inner radius is that the height of the tube is bounded. The volume constraint is
Integrating A(z) = ((R(z) + T) 2 ; R 2 (z)) we nd the following relationship between T V H, a n d R,
Since R the inner radius, is a non-negative q u a n tity, w e see that the height i s bounded from above in terms of V and T,
with equality occurring when R(z) = 0 or in the case of a solid column of xed radius T : 
We shall refer to this eigenvalue problem as the Tubular Problem and denote by 1 (r) its least eigenvalue. 1 (r) and its corresponding eigenfunction represent the rst buckling mode. We are interested in, given a xed volume of material and a xed wall thickness, designing the tallest tubular column stable against buckling. Since is proportional to H 4 maximizing height is equivalent t o maximizing the least eigenvalue 1 (r):
Using the dimensionless variable in the normalization condition (3) on R we nd that with equality occurring when r(x) = 0 : Restricting ourselves to non-negative radii, r that satisfy the volume constraint, we consider only ad t = r : r 0 (10) and seek sup r2adt 1 (r): (11) 2 The Spectrum and some Variational Characterizations
Since T > 0 the cross{sectional area A(z) and its second moment I(z) never vanish. It follows that t > 0 and that the coe cients in (8) ( (0 1) (0 1)) and therefore has a discrete spectrum. Fortunately, this is always true for the Tubular Problem provided that we restrict ourselves to nonnegative inner radii, r satisfying the normalization condition (9).
Theorem 1 The spectrum of the Tubular Problem is discrete provided that r 2 ad t :
PROOF. The Rayleigh quotient (15) will be used to establish necessary conditions for optimality of a design. Although the second variational form given by (16) will be useful in establishing existence of an optimal design, another representation will be crucial. This third representation of the rst eigenvalue is a consequence of the integral form of q:Later, we will use it along with the properties of rearrangements to establish the fact that the decreasing rearrangement of a design yields a rst eigenvalue that is at least as large as the one corresponding to the original design. The proof given here for completeness is more detailed than that given in 3].
Lemma 2 If r 2 ad t then the rst eigenvalue 1 (r) of the Tubular Problem 
The maximum is attained a t 1 (x) =(x r)u 1 (x) where u 1 is the rst eigenfunction of (7-8) associated with 1 (r):
PROOF. We begin with the second variational characterization (16) and use the fact that x^y = m i n fx yg to rewrite the int e g r a l i n t wo pieces.
hG(r) i= Use of the second characterization (16) leads to the desired result.
Application of Rearrangements
Physically, it seems reasonable to taper a tube in order to increase its height.
Since the wall thickness is xed, tapering is carried out by varying the inner radius. A tube that has a wide base and gradually narrows would be expected to be taller that one of uniform inner radius. In this section, we prove that the height of the tubular column can be increased via decreasing rearrangements. We begin by recalling a numberof de nitions and results from the theory of rearrangements.
De 4 Existence of an Optimal Design
In order to establish existence of an optimal design for the tubular column design problem, we will use the rearrangement result of Theorem 6 and Helly's selection theorem, which is restated here for convenience. PROOF. Firstly, n o t e that the normalization constraint in the de nition of ad t is equivalent t o t h e original volume constraint (2) , and that the nonnega- we see that there exists a maximizing sequence fr n g ad t for which 1 (r n ) ! (t) 1 : By Remark 4 and Theorem 6, we m a y assume that each r n is nonincreasing and hence, by Helly's selection theorem, there exists anr and a subsequence (that we will not relabel) such that r n !r pointwise. It follows by the dominated convergence theorem that 
